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J

JaOften, ensemble of problems:

J = { Ja} : drawn randomly from an ÔensembleÕ. Probability 
measure         on the space of instances P( )J
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jJij
Spin Glass

xi ! { " 1, 1}

P(x) =
1
Z

e!
P

( i,j ) x i x jJij

J

One sample = set of positions of magnetic impurities = 
set of couplings Jij

Questions: Exi ,  logZ (free entropy), phase diagram

Glass phase ! > ! c : spontaneous local magnetizations

Exi != 0
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Error correcting codes: LDPC

Encoder Decoder
Channel

Transmission

x
Original 
message message

Received Encoded
message

Estimate of the
original message

N!M bits

a aÕ

N!M bitsN bitsN bits

r

1 2 3

a b c

4 5 76

Encoding= redundancy. 
Send ÒcodewordsÓ.
Parity constraints:

x1 + x4 + x5 + x7 = 0 (mod 2)
x2 + x4 + x6 + x7 = 0 (mod 2)
x3 + x5 + x6 + x7 = 0 (mod 2)

Codewords24

among       words27
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random LDPC code:    random ÔTannerÕ graph, drawn from 
some ensemble e.g. with Þxed degree proÞles

P(x1, ..xN ) =
!

i

! p(xi |r i ) ! a(x1, x4, x5, x7) ! b() ! c()

! a(x1, x4, x5, x7) = I (x1 + x4 + x5 + x7 = 0 mod2)

x1, ..., xNProbability that
has been sent:
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Decoding

Decoding = compute marginals

Phase diagram:  compute thresholds of e.g. (3,6) LDPC

1

0

Prob
(error)

Noise level

ShannonAlgo MAP

P(x1, ..xN ) =
!

i

! p(xi |r i ) ! a(x1, x4, x5, x7) ! b() ! c()
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xi ! { 0, 1}

 M constraints = clauses like      x1 ! x2 ! x3

 The grand father of NPC problems (Cook 71)    
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!="/#

N=200N=100

1 2 3 4 65

! c

SAT for ! < ! c

UNSAT  for ! > ! c

Large N limit: Computer 
time 

(Michell, Selman, 
Levesque; Friedgut; 
Kirkpatrick Selman; ...)

P(x) =
1
Z

!

a

I (clausea satisÞed)

 N binary variables      
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Database: (I 1, O1), . . . , (I M , OM )

Supervised Learning

I W O O = F (W, I )

P(W ) =
1
Z

∏

µ

I [Oµ = F (W, I µ )]

Prior: model of the machine (   ), space of internal 
representations (           )

F
F ! F
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Graphical models: the main 
questions PJ (x) =

1
Z

!

a

! a(Ja, x! a)

! a ! { 0, 1}Hard constraints (e.g. parity checks):

Soft constraints: ! a ! R+

! Inference: Given    , Þnd marginals like

! Sampling from  

! Large N analysis of phase diagram: phase transitions

J PJ (x1)
PJ (x)

Many variables, many constraints

Statistical physics problems! (disordered systems)



Cavity method 
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Factor graph 
representation

P(x1, . . . , x5) = ψa(x1, x2, x4)ψb(x2, x3)ψc(x1, x2, x3) . . .



Cavity method

Dig a cavity
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ÒMessageÓm1! a(x1)



Cavity method

Dig a cavity

Compute probability 
of         when it is 
connected only to    

x1

ÒMessageÓ

1

2

3

4

5

a

b

c

d

ef

g

c

mc! 1(x1)



ÔReplica-symmetricÕ cavity equations
= Belief  Pr opa gation  (discovered many times!)

1

2

3

c

d

e
f

mc! 2(x2) =
!

x 1 ,x 3

! c(x1, x2, x3)m1! c(x1)m3! c(x3)

m1! c(x1) = Cmd! 1(x1)me! 1(x1)mf ! 1(x1)

Closed set of equations: two messages propagate on 
each edge of the factor graph 



BP summary
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Closed set of equations: two messages propagate on 
each edge of the factor graph 
Iteration (parallel, sequential, with relaxation... )
         Fixed point, solution of BP equations

Estimate of marginals:

P(x5) = C mf ! 5(x5) mg! 5(x5)

Estimate of free entropy:

P(x) =
1
Z

!

a

! a(x! a)

logZ

e.g. Hard CSPs: Z = 
number of solutions



ÒBetheÓ free-entropy:

logZ =
!

a

Fa +
!

i

Fi !
!

(ai )

F(ai )

Fi = log

!
"

x

#

a! ! i

ma" i (x)

$

=

Fa = ...

F(ai ) = ...

Local expressions,  in terms of BP 
messages from neighboring sites
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BP successLow Density Parity Check Codes: 
iterative decoding

3-6 code on a 
binary symmetric 

channel:

0.084 0.101 0.110

Luby et al. 
Richardson 
& Urbanke
...

Hard constraints (    ):                
parity checks; 
Soft constraints (    ): 
received message

1

0

P(err)

Noise
ShannonAlgo MAPBP
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BP success Assignment

PersonsJobs

Cost 
matrix

If optimal conÞguration is unique, with cost gap !
BP (actually min-sum) converges to optimal conÞguration 
in                iterationsO(N/ ! )

O(N 3/ ! )Total complexity (Bayati, Shah, Sharma)

Variables (  ):nij ! { 0, 1} ;     Constraints(  ):
!

j

nij = 1
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Input s(i, k) :  Þtness of k as an exemplar for i



BP success Data Clustering by 
afÞnity propagation

Input s(i, k) :  Þtness of k as an exemplar for i



BP success Data Clustering by 
afÞnity propagation

Input s(i, k) :  Þtness of k as an exemplar for i

(Frey, Dueck)

Cost function: E = !
!

i

s(i, ki)+
!

i

! i (k1, ááá, kN )

if somebody else points to i as his 
exemplar, then i should point to himself

Constraint      :! i



Data Clustering by afÞnity propagation

Constraint      :

! i

Variables: ki , exemplar for i

if there exists     with j kj = i
then one needs ki = i i

! i

ki
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 BP limitations

mc! 2(x2) =
!

x 1 ,x 3

! c(x1, x2, x3)m1! c(x1)m3! c(x3)

1

2

3

c

P (c) (x1, x3) ! mc! 1(x1)mc! 3(x3)

Approximation: independence of      and x1 x3
in the absence of constraint  c

OK on a tree. Otherwise: needs a locally tree-like 
structure of the factor graph, and a decay of correlations

¥ Convergence? 
¥ Unique Þxed point? 
¥ How faithful?
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Local tree-like structure: OK for random factor graphs

Loop: length 
O(log N )

If some small structures: collective 
variables, generalized BP Freeman, Weiss, Yedidia

TBD: take into account correlations perturbatively 
(linear response) M, Higuchi, Mora, Parisi



Decay of correlations: non-trivial

P (c) (x1, x3) ! mc! 1(x1)mc! 3(x3)

Holds if the measure is restricted to one cluster 
of solutions.  e.g. Ising model:

Ising model: two states.
Correlations decay only 

within one state

!

1
N

!
i

s
i = M NN

1 !
i i

s = ! M

Configuration space , Ising model

+ !



Decay of correlations: non-trivial

P (c) (x1, x3) ! mc! 1(x1)mc! 3(x3)

Holds if the measure is restricted to one cluster 
of solutions. ÒLandscapeÓ cartoon:

Energy

Configurations

Energy

Magnetization
1
N

!
i

s
i

Ising model: two states.
Correlations decay only 

within one state

Glassy phase: many 
states (clusters). 

Correlations decay only 
within one state
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Glass phases in optimization
K-satisÞability: glass phase appears below the satisÞability 
threshold, for density of constraints ! d < ! < ! s

q-coloring: idem
Proliferation of 
metastable states 
(glassy states): fools BP

Error correction with LDPC:

1

0

Prob
(error)

Noise level

ShannonAlgo MAPBP



Beyond BP:   Basic hypothesis of glass phase: many

pure states, associated with Þxed points of BP equations.

  Correlations decay within one pure state: BP OK

Hyp: eN ! (F ) solutions of BP with Bethe entropy F

m!
a! i (xi ) in each state !Messages

 is expressed as a local functional of the messagesm!
a! i (xi )

Bethe free entropy in each state, F = logZ! !



Beyond BP:   Basic hypothesis of glass phase: many

pure states, associated with Þxed points of BP equations.

  Correlations decay within one pure state: BP OK

Hyp: eN ! (F ) solutions of BP with Bethe entropy F

SP : New graphical model:  count BP solutions. 
variables = original messages;   constraints =BP equations

m!
a! i (xi ) in each state !Messages

 is expressed as a local functional of the messagesm!
a! i (xi )

Bethe free entropy in each state, F = logZ! !
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P(M ) =
1
Z
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New graphical model



M = { ma! i (xi ), mi ! a(xi )}

P(M ) =
1
Z

I(BP equations are OK) exF (M )

= New variables

New graphical model

BP equations are local

Bethe free energy is expressed in terms of      
messages

local

P(M ) =
!

!

! ! (M )
Local quantity, involves 

a small number of 
messages



M = { ma! i (xi ), mi ! a(xi )}

Expressed as local constraints on the messages: new 
graphical model, with the same local tree-like structure as 

the original one: 

P(M ) =
1
Z

I(BP equations are OK) exF (M )

New variables

Constraints

= New variables

a

i

a

i



SP=BP
2

BP on the auxiliary model (where the new variables are the 
messages of the original BP)= Survey Propagation

SAT (E = 0 ) UNSAT (E   >0)
0 0

1 state
E=0 E>0

Many states Many states

E>0

=M/N!
d

! c != 4.267

Random 3-satisÞability: SP solves the largest instances 
at constraint density 4.25, very close to the threshold



Message passing is powerful
¥BP: very efÞcient for inference in LDPC decoding

¥BP: very efÞcient for random assignment

¥SP decimation: the best random satisÞability/
colouring solver in the clustered SAT phase

¥BP/SP decimation: the best learning algorithm for 
binary perceptron

¥BP for clustering data (Þnding exemplars)

¥BP for minimal weight Steiner trees

¥BP/SP for group testing

Gallager, MacKay, Richardson,  Urbanke, ...

Bayati, Shah, Sharma

MM, Zecchina

Braunstein, Zecchina

Frey, Dueck

MM, Tarzia, Toninelli

Bayati, Borgs, Braunstein, Chayes, 
Ramezanpou,Zecchina



Message passing is appealing
¥Local exchange of messages along a factor graph

¥Simple computations at each node

¥Solves very complicated global constraint 
satisfaction /optimization problems (in spite of 
ÒanarchyÓ !) in a distributed way

¥Very fast 1

2

3

4

5

a

b

c

d

ef

g



Message passing problems
¥In general: uncontrolled. Convergence not 

guaranteed, faithfulness not guaranteed
¥Locally tree-like problems, or long range weak 

interactions, better understood
¥Local structures in the factor graph, correlations... 

Need more work



Message passing problems

Some of the problems it does not (yet)  solve

   Hidden isolated (ÔplantedÕ) solution

  ÒPoint-likeÓ clusters from ÒlockedÓ constraint 
satisfaction problems (isolated solutions)

¥In general: uncontrolled. Convergence not 
guaranteed, faithfulness not guaranteed

¥Locally tree-like problems, or long range weak 
interactions, better understood

¥Local structures in the factor graph, correlations... 
Need more work
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  References on my web page:
http://www .lptms.u-psud.fr/membres/mezard/
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