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Common pobabilistic frameork: N discrete variables
X = (X1,84,xXn) ,» X! X

Probability: P(X) = H! a(X; a)

Often,ensemble of pyblems: PJ (X) = L a(Jas X 5)
a

J = {Ja} :drawn randomy from anOensembl&m@bability
measue P (J) on the space of instances
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One sample = set of positions of magnetic impurities =
set of couplings;

QuestionsEX; , logZ (free entopy),phase diagram

Glass phasel > | :spontaneous local magnetizations
Ex; £ C
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Emor correcting coded-DPC
———=| Encoder 9 Decoder f———=
a X r a0l

Original Encoded Received Estimatef the
message message message original messag

N!M bits N bits N bits N!M bits

b

Encoding= redundancy.
Send OcodewordsO.
Parity constraints:

X1+ Xg4+ X5+ X7 O(mod 2)
Xo + X4+ Xg+ X7 = 0 (mod 2) .
X3+ X5+ Xg+ X7 = 0 (mod 2) 2among 2" word

Codewords




proba 1! p
proba p




Xi = r; proba 1! p
Xi = 1! r; proba p

b c

=
o/
S5

Probabllity that xq, ..., xn
has been sent:

]
! a(X1,X4,X5,X7) = | (X1 + X4+ X5+ X7 =0 mod2)

random LDPC code: randomOannerO go&,drawn from
some ensemble.g.with P>xed degee probles
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P(X1,.Xn) = Lo(Xilri) 1 a(Xa,Xa,X5,%x7) () ! c()

Decoding = compute marginals

Phase diagrantompute thiesholds of 9.(3,6) LDPC

Prob 4
(error)

Noise level

____—————

= A N
Algo MAP  Shannon




N binary variables zi ! {0,1}
M constraints = clauses ékx1 ! 72! z3

Satisbability

| (clause a satisbed)

a
The grand father of NPC piblems (Cook 71)
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Supevwised Learning

@_> W _>@ 0= F(W,I)

Database: (11,01),...,(Im,Om )

Prior: model of the machineK $pace of internal
representations ' ! F )

P(W) = & [[1O0x = F(W, 1,0)
u
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Graphical modelghe main
guestions PJ(x):%' o (Jar X )

a
Mary variablesnary constraints

Hard constraints (eg.parity checks): ! a ! {0, 1}

Soft constraints: ! ;! R”

| InferenceGiven J ,bnd marginals BPj (X1)
| Sampling bm P; (X)
| Large N anafsis of phase diagraphase transitions

Statistical pysics poblems! (disodered systems)



Cavity method

Factor grah
representation

/(2)

&—

Y




Cavity method

Dig a caity

Compute pobability of
X1 In absence ofd

®—

—> OMessageOMmy; a(X1)




Cavity method

Dig a caity

Compute pobabillity
of X1 whenitis
connected on} to ¢

—> OMessageQng 1(z1)




OReplica-symmetric@tgaquations
= Belief Propagation (discorered mary times!

.
§\~1‘>¥ My ¢(X1) = Cmar 1(X1)Mer 1(X1)Mer 1(X1)

@

_> .
Me 2(X2) = I o(X1, X2, X3)M1 ¢(X1)M3z ¢(X3)

Closed set of equationsvo messages ppagate on
each edge of the factor goha




BP summay

Closed set of equationsvo messages ppagate on
each edge of the factor goh

lteration (parallelsequentialyvith relaxation..)
— Fixed point,solution of BP equations

i € -
Estimate of marginals: A
7
P(X5) = C m¢; 5(X5) Mg 5(Xs5) d C
b
Estimate of fee entopy: [0gZ O— g\@/
1 '
P(X) = Vi la(X1a) e.g.Hard CSP<Z =

a number of solutions



OBetheOde-entopy:

logZ =

/Fi\\

=
Iog Mg i(X)

X allj

\ Local expessions,in terms of BP

messagesdm neighboring sites
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BP succes Low Density Parity Check Codes
iterative decoding

Hard constraints (] ):
parity checks;

Soft constraintsf] ):
received message

Per) 3-6 code on a
binaly symmetric
channel:

]t Noise
BP Algo MAP Shannon
0.084 0.101 0.110
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BP succes Assignment

Cost

matrix
DHbs «—> Persons

Variables@ M ! {0,1} ; Constraints@);: Nj = 1
J
If optimal conPguration is unigueith cost gp

BP (actuayl min-sum) cowerges to optimal conbPguration
in O(N/!) iterations

Total complexity O(N 3/1)
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B P Succes Data Clustering 1
afPnity popagation

e

Input s(2, k) : btness of k as an ermplar or |
Cost function: £ = ! s(z, k;)+ li(Ky, 888, ky )
i i
Constraint ! : if somebody else points to i as his
exemplarthen i should point to himself




Data Clustering ¥ afPnity popagation

Variablesk; ,exemplar or |

Constraint !; :
if there exists ] withKj = 1
then one needsK; = |
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BP limitations

¥Convergence?
¥Unique Prd point?
¥How faithful?

Me 2(X2) = l c(X1, X2, X3)M11 ¢(X1)M3r ¢(X3)
X1,X3

Approximationindependence ok; angj
In the absence of constraint

PO(x1,Xx3) ! Mma 1(X1)Me 3(X3)

OK on a tree. Otherwise:needs docally tree-like
structure of the factor gr@h,and adeca of comrelations




Local tree-like structure:OK for random factor grahs

Loop:length
O(logN)




Local tree-like structure:OK for random factor grahs

Loop:length
O(logN)

If some small struct@s:collectine
variablesgeneralized BP




Local tree-like structure:OK for random factor grahs

Loop:length
O(logN)

If some small struct@s:collectine
variablesgeneralized BP

TBD:take into account corelations peturbatively
(linear response)




Decay of comrelationsnon-trivial

PO (x1,X3) ! ma 1(X1)Me 3(X3)

Holds If the measw Is restricted to one cluster
of solutions.e.g.lsing model.

Configuration space , Ising model

Ising modelkwo states.
Correlations decaonly
within one state




Decg of comrelationsnon-trivial

PO (x1,X3) ! ma 1(X1)Me 3(X3)

Holds If the measu IS rgstricted to one cluster
of solutionsOLandsp&O capon:

Energy

WM

Configurations

Energy

| Glassy phaseary
Ising modelwo states. states (clusters).

Correlations decaonly Correlations decponly
within one state within one state
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Glass phases In optimization

K-satispabilityglass phaseaears belw the satispabillity
thresholdfor density of constraints! ¢ < ! < !¢

g-coloringidem
Proliferation of
Eror correction with LDPC: ~ metastable states

(glassy statedpols BP
>

<

Prob 4
(error)

Noise level

_————y

= A N
BPAIgo MAP  Shannon




Beyond BF Basic gipothesis of glass phaseary

pure statesassociated with Fed points of BP equations.
Correlations decawithin one pue stateBP OK

Hyp: eN' (F) solutions of BP with Bethe emipy F

MessagedM,, i(Xi) in each state
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is explessed as a local functional of the messatjgs ; (Xi)




Beyond BF Basic gipothesis of glass phaseary

pure statesassociated with Fed points of BP equations.
Correlations decawithin one pue stateBP OK

Hyp: eN' (F) solutions of BP with Bethe emipy F

MessagedM,, i(Xi) in each state

Bethe fee entiopy in each state F, = logZ,
is explessed as a local functional of the messatjgs ; (Xi)

SP New graphical model.count BP solutions.
variables = original messagespnstraints =BP equations

>




M ={ma i(Xi),mii a(Xi)} = New variables

1
P(M) = ZI (BP equations are OK) exF (M)
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M ={ma i(Xi),mii a(Xi)} = New variables

1
P(M) = z| (BP equations are OK) exF (M)

|

New grgphical model

BP equations ar local

Bethe fee energ Is expessed In terms ofocal

messages 1 | fitu |
ocal quantitvnvolves

:> P(M)= 1,(M)  asmall omber of

! MesSages




M = {ma i(Xj),mii a(Xi)} = New variables

1
P(M) = z| (BP equations are OK) exF (M)

Expressed as local constraints on the messauee.
grgphical modelwith the same local we-like structure as
the original one:

New variables_

0 \4 O




SP=BP

BP on the auxiliar model (whee the nav variables a the
messages of the original BP)= &yrPiopagation

SAT (E, =0) UNSAT (E >0)

00 0°
O O O O @@

©0 o

Many states Many states

OE=0 @E>0 @-E>0

d

Random 3-satisPabili§P solgs the largest instances
at constraint density 4.2%ery close to the theshold




Message passing I1svperful

¥ BPvery efbcientdr inference in LDPC decoding

GallageMacKg, Richadson, Urbanle, ...
¥ BPvery efbcientdr random assignmentaet,shanshama

¥ SP decimatiorthe best random satispability/
colouring soler in the clusteed SA phase MM zecchina

¥ BP/SP decimatiotite best learning atgithm for
binaly pemeptmn BraunsteinZecchina

¥ BP or clustering data (Pnding emplars) Frey,oueck

¥ BP br minimal veight Steiner tees BaatiBorgsaraunsteinChayes

Ramezanpou,Zecchina

¥ BP/SPdr group testing MM TarziaJoninelli



Message passing [maaling

¥Local exchange of messages along a fact@hgra
¥Simple computations at each node

¥Sol\es \ery complicated global constraint
satisfaction /optimization pblems (in spite of
OanartyQO !) Iin a distributed wa

¥ \ery fast
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¥In generaluncontmolled.Convergence not
guaranteedaithfulness not guaranteed

¥Localy tree-like problemspr long range weak
Interactionspetter understood

¥Local structues in the factor grnah,correlations...

Need more work




viessage passing

¥In generaluncontmolled.Convergence not
guaranteedaithfulness not guaranteed

¥Localy tree-like problemspr long range weak
Interactionspetter understood

¥Local structues in the factor grnah,correlations...
Need more work

Some of the poblems it does not (gt) sole

& Hidden isolated (OplantedO) solution

& OBint-likeO clusters &m OlockdO constraint
satisfaction pwblems (isolated solutions)
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References on my web page:
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